
PHY483F/1483F (2020-21) – HW3 – due 11am R19Nov

Instructions

General instructions for HW3 are the same as for HW1, except that the Dropbox upload link for submitting
your file(s) is different: https://www.dropbox.com/request/BtDK4qqupJSmBb068BsV .

Reminder: you must (a) scrupulously adhere to all UofT Academic Integrity regulations while doing this
assignment, and (b) fill out and sign the Academic Integrity Checklist in good faith.

3.1: Explaining things accessibly [10 marks]

Explain the essentials about black holes to an audience of interested laypeople (the general public). Don’t
forget to discuss the physics of the event horizon and the singularity, and how black holes arise in Nature.

3.2: Energy-momentum for perfect fluids [12 marks]

Consider the energy-momentum tensor of a perfect fluid. It encodes information about energy density ρ,
pressure p, and fluid 4-velocity uµ,

Tµνpf =
(
ρ+

p

c2

)
uµuν − pgµν . (1)

(a) [2] Show that for any fluid
uν∇µuν = 0 . (2)

(b) [10] Using conservation of energy-momentum as required by the Einstein equations,

∇µTµν = 0 , (3)

show that a perfect fluid must obey

∇µ(ρuµ) +
p

c2
∇µuµ = 0 , and(

ρ+
p

c2

)
uµ∇µuν =

(
gµν − uµuν

c2

)
∇µp . (4)

Hint: if you get stuck in deriving the pair of equations (4), don’t forget that you can always contract a tensor
equation you derived with another handy tensor you might have lying around.

3.3: Dropping a buoy into a Schwarzschild black hole [8 marks]

Suppose that we are on the bridge of the starship Enterprise NCC-1701-D and use our engines to position
ourselves at rest at a radius r0 > rS away from a Schwarzschild black hole. Then suppose that Commander
Data drops a buoy directly towards the centre of the black hole.

(a) [8] Derive a formula for the amount of proper time it takes for the buoy to freefall into the singularity.

Hint: you may treat the buoy as a massive test particle. You may wish to use the two first integrals of
the geodesic equations for Schwarzschild that we derived in lectures following from symmetries, and the
tangent vector norm condition.
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3.4: Deriving cosmological black holes [20 marks]

(a) [2] Show that for a general D = 3 + 1 spacetime, the Einstein equations can be rearranged to

Rµν = −8πGN

[
Tµν −

1

2
Tgµν

]
+ gµνΛ . (5)

Hint: start by tracing the Einstein equations to find R.

(b) [8] Suppose that the cosmological constant Λ is nonzero. By recruiting the same logic that we used
in class to derive Birkhoff’s theorem without Λ, show that the line element outside a static spherically
symmetric matter distribution is

ds2 =

(
1− 2µ

r
− Λr2

3

)
(cdt)2 −

(
1− 2µ

r
− Λr2

3

)−1

dr2 − r2dΩ2
2 .

Hint: feel free to use relevant equations derived in lecture notes without rederiving them yourself, but
remember to carefully cite where you got them from.

(c) [3] Show that in the weak-field Newtonian limit, a spherically symmetric mass M produces a gravitational
field strength ~g given by

~g =

(
−GNM

r2
+
c2Λr

3

)
r̂ ,

where r̂ is the unit vector in the radial direction. How large is the cosmological constant correction term
on Earth’s surface in SI units?

(d) [7] Show that the shapes of massive particle orbits in the above geometry differ from those in the
Schwarzschild geometry, but that the shapes of photon orbits do not.
Hint: use full GR to do this analysis, not the Newtonian limit. Veff(r) behaves differently than for the
Schwarzschild case.
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