
PHY2404S (2018) HW instructions:-
Show your working: I am not telepathic.
Total page count for any homework assignment may not exceed 25.
Required format: PDF, submitted via email. Scan in handwritten answers.

HW1 Q1 of 3: Algebra of Poincaré Group

(a) Working in arbitrary dimension D, consider the generators of total angular momentum

Mµν = Lµν + Σµν = −XµPν +XνPµ + Σµν (1)

where Lµν encodes orbital angular momentum and Σµν encodes spin angular momen-
tum. Using this definition and the canonical commutation relations for position and
momentum, derive the commutation relations for the Poincaré algebra:

[Pµ, Pν ] = 0
[Pµ,Mρσ] = +i (ηµρPσ − ηµσPρ)

[Mµν ,Mρσ] = +i (ηνρMµσ − ηµρMνσ + ηµσMνρ − ηνσMµρ)
(2)

Be explicit about each assumption you need to use along the way. In particular, state
what you assume about the commutators of spin generators Σµν with Xµ and Pν and
why. Your argument should work for any D and any mass m and spin s.

(b) Specialize to D = 1 + 3. Defining Ji = 1
2
εijkMjk and M0i = Ki, show that

[Ki, Kj] = −iεijkJk
[Ji, Kj] = +iεijkKk

[Ji, Jj] = +iεijkJk . (3)

Further, show that defining Ni = a(Ji + iKi) and N †
i = a(Ji − iKi) for real a gives

[Ni, Nj] = +iεijkNk[
N †
i , N

†
j

]
= +iεijkN

†
k[

Ni, N
†
j

]
= 0 (4)

as long as a = 1
2
.
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